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Abstract

This is a joint work1 with V.Nekrashevych. We classify locally
finite groups, which are inductive limits of direct products of
alternating groups with respect to block-diagonal embeddings.
This class of groups includes a well known class of simple locally
finite groups (so-called LDA-groups). We show that two such
groups are isomorphic if and only if the AF-algebras defined by the
respective Bratteli diagrams are isomorphic. Then the classical
results on classification of AF-algebras can be applied.
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A group is called locally finite group if every finite set of elements
of the group generates finite subgroup.
Obviously that a direct limit of simple finite groups is a simple
locally finite group. But not every simple locally finite group can
be represented as a direct product of simple finite groups.

Classification of locally finite simple groups is very far from being
complete, but several classes of such groups were studied in detail.
It is known2 that a locally finite simple group which has a faithful
representation as a linear group in finite dimension over a field is
isomorphic to a Lie type group over a locally finite filed (that is, an
infinite sub-field of Fp , for some prime p).
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Next well studied class are the finitary groups. A finitary linear
representation of a group G is a linear representation ρ such that
for every g ∈ G the kernel ker(1 − ρ(g )) has finite co-dimension. A
group is called finitary linear if it has a faithful finitary linear
representation.

The list of possible finitary linear groups3 is
1. an infinite alternating group Alt Ω for infinite Ω;
2. a finitary symplectic group FSp K (V , s);
3. a finitary special unitary group FSU K (V , u);
4. a finitary orthogonal group F ΩK (V , q);
5. a special transvection group TK (W , V ).
Here K is a (possibly finite) subfield of Fp , for some prime p; the
forms s, u, and q are nondegenerate on the infinite dimensional
K -space V ; and W is a subspace of the dual V ∗ whose annihilator
in V is trivial.
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The non-finitary locally finite simple groups are understood much
worse. There exists a rough division of this class into groups of
“1-type, or ∞-type, or p-type”. This division uses the notion of a
Kegel cover, defined in the following way.

Definition
A set of pairs {(Hi , Mi ) | i ∈ I } is called a Kegel cover for a locally
finite group G if, for all i ∈ I , Hi is a finite subgroup of G and Mi
is a maximal normal subgroup of Hi , and for each finite subgroup
H of G there exists i ∈ I with H ≤ Hi and H ∩ Mi = 1. The
groups Hi /Mi , i ∈ I , are called the factors of the Kegel cover.
Every simple locally finite group has a Kegel cover. Using Kegel
covers many questions about locally finite simple groups can be
transfered to questions about finite simple groups.

Definitions of classes of non-finitary simple locally finite
groups
I

A non-finitary locally finite simple group is said to be of
1-type if every Kegel cover of G has a factor which is an
alternating group.

I

If p is a prime, then G is of p-type if G is non-finitary and
every Kegel cover of G has a factor which is isomorphic to a
classical group defined over a field of characteristic p.

I

A non-finitary locally finite simple group is said to be of
∞-type if for any class G of finite simple groups, such that
every finite group can be embedded into a member of G, there
exists a Kegel cover of G all of whose factors are isomorphic
to a member of G.

U. Meierfrankenfeld and S. Delcroix proved4 that if G is a locally
finite simple group then exactly one of the following possibilities
holds:
1. G is finitary;
2. G is of 1-type;
3. G is of p-type for a unique p;
4. G is of ∞-type.
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An important class of groups of 1-type are the inductive limits of
direct products of alternating groups with respect to
block-diagonal embeddings (also called LDA-groups5 ). The class
of such groups does not exhaust the class of groups of 1-type, but
the structure of an arbitrary group of 1-type seems to be similar to
the structure of an LDA-group6 .

Definition
LDA-groups are direct limits of direct products Hi = Ai1 × . . . × Airi
(i ∈ N) of finite alternating groups Aik = Alt (Xik ) such that, for
all i < j, every non-trivial orbit of any Aik on any Xjl is natural.
The LDA-groups can be defined in the terms of Bratteli diagrams.
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A Bratteli diagram B = ({Vi }i≥0 , {Ei }i≥1 , s, r, d) is defined by the
following data
I

the set of vertices VF= V (B) together with a partition into a
disjoint union V = i≥0 Vi of levels;

I

the set of edges, orFarrows E = E (B) also partitioned into a
disjoint union E = i≥1 Ei ;

I

source and range maps s : Ei −→ Vi−1 and r : Ei −→ Vi , if
e ∈ E is an arrow, then s(e) is its beginning and r(e) is its
end;

I

a labeling d : V −→ N \ {0} of vertices by positive integers

We require that every vertex is a starting vertex of an edge and
that
X
d(v ) ≥
d(s(e)).
(1)
r(e)=v

Note that we allow more than one edge e starting and ending in
the same pair of vertices s(e), r(e) (and then the corresponding
summand will appear several times in (1)).

Figure: A Bratteli diagram

Definition
Let B be a Bratteli diagram and let AQ
i and δ : Ai ,→ Ai+1 be the
direct products of alternating groups v ∈Vi Altd(v ) and the
embeddings defined by the Bratteli diagram B in natural way.
Then the direct limit lim→ Ai is denoted A(B) and is called the
alternating group of the Bratteli diagram.
Observation: The class of alternating groups of Bratteli diagrams
coincides with the class of LDA-groups.

Dimension group of a Bratteli diagram
We will not define the K -theory of C ∗ -algebras, but rather describe
how to construct the dimension group (the K0 -group with
additional structure) of the AF -algebra A(B) directly from the
Bratteli diagram B. This group will be called the dimension group
of the Bratteli diagram B and will be denoted ∆(B).

Let B = ({Vi }, {Ei }, s, r, d) be a Bratteli diagram. Consider the
free abelian group
Z|Vi | = {(nv )v ∈Vi : nv ∈ Z}
whose coordinates are labeled by the vertices of the ith level,
together with the positive cone
|V |

Z+ i = {(nv )v ∈Vi : nv ≥ 0}
and the scale
Γi = {(nv )v ∈Vi : 0 ≤ nv ≤ d(v )}.
³
´
|V |
The triple ∆i = Z|Vi | , Z+ i , Γi is called the dimension group of
the level number i.

Let us denote by εv , for every v ∈ Vi , the basis vector of Z|Vi |
corresponding to v , i.e., the vector (nu )u∈Vi , where nv = 1 and
nu = 0 for all u 6= v .
Then the Bratteli diagram defines naturally homomorphisms
D : Z|Vi | −→ Z|Vi+1 | mapping the basis vector εv to


X
D(εv ) = 
εr(e)  ∈ Z|Vi+1 | .
e∈Ei+1 ,s(e)=v

In other terms, D is the linear map defined by the adjacency
matrix of the ith level of³ the Bratteli
diagram.
´
|Vi |
|Vi+1 |
It is easy to see that D Z+
⊆ Z+ . We also have
D(Γi ) ⊆ Γi+1 due to (1).

Definition
The dimension
group of the Bratteli
diagram is the triple
¡
¢
+
∆(B) = K0 (B), K0 (B), Γ(B) , where K0 (B) is the direct limit of
the groups Z|Vi | with respect to the embeddings D, K0+ (B) (the
|V |
positive cone) is the union of the sets Z+ i and Γ(B) (the scale) is
the union of the sets Γi ¡in the inductive limit. ¢
Two
dimension groups ¢K0 (B1 ), K0+ (B1 ), Γ(B1 ) and
¡
K0 (B2 ), K0+ (B2 ), Γ(B2 ) are isomorphic if there exists an
isomorphism of abelian groups f : K0 (B1 ) −→ K0 (B2 ) such that
f (K0+ (B1 )) = K0+ (B2 ) and f (Γ(B1 )) = Γ(B2 ).

Definition
We call a Bratteli diagram B thick if for every vertex v ∈ Vi there
exists a vertex u ∈ Vk , for k > i, such that v and u are connected
by more than one path in B.

Theorem
Let B1 , B2 be thick Bratteli diagrams. Then the following
conditions are equivalent.
(i) The groups A(B1 ) and A(B2 ) are isomorphic.
(ii) The dynamical systems (A(B1 ), P(B1 )) and (A(B2 ), P(B2 ))
are topologically conjugate.
(iii) The ∗-algebras M(B1 ) and M(B2 ) are isomorphic.
(iv) The C ∗ -algebras A(B1 ) and A(B2 ) are isomorphic.
(v) The dimension groups ∆(B1 ) and ∆(B2 ) are isomorphic.

The topological space P(B) is called space of paths of the Bratteli
diagram B and that is defined by B. Actually this is also well
known constructions introduced by Kerov and Vershik7 . The group
A(B) acts by homeomorphisms on P(B) faithfully.
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In fact, the proof is not so complicated, but it combines into one
four powerful technics. Namely,
I

construction of space of paths of the Brattely diagram

I

the technics of reconstruction of topological spaces from their
groups of homeomorphisms

I

the technics of crossed products

I

classical results on AF-algebras.

Technics of the proof
I

The equivalences (iii) ⇔ (iv ) ⇔ (v ) are classical8 .

I

Equivalence (i) ⇔ (ii) follows from powerful result of
M.Rubin9 on reconstruction of topological spaces from their
groups of homeomorphisms.

I

Implication (ii) ⇒ (iii) obtains due to technics of crossed
products.

I

Implication (iv ) ⇒ (i) follows from classical results about
AF-algebras.
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Simple groups
Definition
A Bratteli diagram B is called simple if for every infinite path γ in
B and vertex v ∈ V (B) the vertex v is connected by a path
starting at v and ending in a vertex on γ.
The condition of simplicity is natural by the following result:

Proposition
The following conditions are equivalent.
1. The diagram B is simple.
2. The C ∗ -algebra A(B) is simple.
3. The ∗-algebra M(B) is simple.
4. The dynamical system (A(B), P(B)) is minimal. (A dynamical
system is minimal if every its orbit is dense.)
5. The dimension group ∆(B) is simple (has no order ideals).

Proposition
Let G be a simple LDA-group. Then one and only one of the
following cases is possible:
1. G is isomorphic to Altd , where d 6= 4.
2. G is isomorphic to the infinite alternating group Alt∞ .
3. G is isomorphic to A(B), where B is a thick simple Bratteli
diagram.

Example. Diagonal direct limits of finite symmetric and
alternating groups

As an example, consider the case of the unital Bratteli diagrams
which have only one vertex on each of the levels.

Figure: Bratteli diagram

Proposition
Let B be a unital Bratteli diagram which has precisely one vertex vi
on each of the levels Vi . Let ki = |Ei | be the number ofQthe edges
of the ith level. Denote by κ the supernatural
number ¢∞
i=1 ki .
¡
+
Then the dimension group ∆(B) = K0 (B), K0 (B), Γ(B) is given
by
¾
½
p
K0 (B) =
: p ∈ Z, q divides κ ,
q
K0+ (B) = K0 (B) ∩ [0, +∞),
Γ(B) = K0 (B) ∩ [0, 1].
Thus, two such groups are isomorphic if and only if corresponding
supernatural numbers are equal. Originally it was proved by
V.Sushchansky and N.Kroshko in 1994.

Space of paths

Figure: Bratteli diagram

Figure: Spherically homogeneous rooted tree

